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Exercise 1

(a) Solve as a series the equation u; = Uz, in (0,1) with u;(0,¢) =0, u(1,t) =1, and
u(x,0) = 22. Compute the first two coefficients explicitly.

(b) What is the equilibrium state (the term that does not tend to zero)?

Solution

Because the boundary conditions are inhomogeneous, the method of separation of variables cannot
be used to solve the PDE as it is. The fact that the boundary conditions are independent of time
implies that there will be a state of equilibrium after a long time has passed. If ug(z) represents
the steady state solution, then we expect u(x,t) to converge to ug(z) in the limit that ¢ — oo.
Jim u(z,t) = up(z)
We can solve for u(x,t) by taking advantage of the fact that the PDE is linear. Treat it as the
sum of an equilibrium part and a transient part: u(x,t) = ug(z) + v(z,t). At equilibrium u does
not change with time, so it satisfies the time-independent PDE and the boundary conditions at
z=0and z =1.

2
dd% —0, %(0) =0, up(l) = 1.
Integrate both sides with respect to x.
duE .
P
Apply the first boundary condition here to determine C1.
‘%(0) _ 0 =0

Integrate both sides with respect to x once more.
up(zr) = Cy
Apply the second boundary condition here to determine Cj.
up(l)=Cy=1
Therefore, we have for the answer to (b)
up(z) = 1.
The aim now is to determine v(x,t). Write the terms of the PDE, u; and uy,, in terms of it.

Ut = V¢
/
Uy = U + Vg

Uz :u%“{'vxm =04 Vgg = Vgy
Hence, the PDE for v is the same as for u.

UVt = Vg
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The initial and boundary conditions for it are obtained as follows.

u(z,0) = up(z) + v(@,0) = 1+ v(@,0) =2 = o(z,0)=a>—1
uz(0,1) = ug(0) + v (0,¢) = 0+ v,(0,£) =0 —  v:(0,1) =0
u(l,t) =up(l) +v(l,t) =14+v(l,t) =1 — v(l,t)=0
Since the PDE and boundary conditions for v are linear and homogeneous, the method of

separation of variables can be applied now. Assume a product solution of the form,
v(z,t) = X (2)T(t). The PDE becomes

T/ X//
V¢t = Vg — XT/:X”T — ? = Y, (1)
and the boundary conditions become
v:(0,t) = X' (0)T'(t) =0 - X' (0)=0
v(1,t) = X(1)T(t) =0 - X)) =

Regarding equation (1), the only way a function of ¢ on the left can be equal to a function of z on
the right is if both sides are equal to a constant k.

TI X//
Tox "
Values of k for which X’(0) = 0 and X (1) = 0 are satisfied are called the eigenvalues, and the

nontrivial functions X (z) associated with them are called the eigenfunctions.

Determination of Positive Eigenvalues: k = ;?

Assuming k is positive, the differential equation for X becomes

X/l

X
Multiply both sides by X.

X// — ,u2 X

The general solution can be written in terms of hyperbolic sine and hyperbolic cosine.
X (z) = C5cosh px + Cy sinh px
Now use the boundary conditions to determine C'3 and Cjy.

X'(0) = uCy =0
X (1) =Cscoshp+ Cysinh =0

We see that C3 = 0 and C4 = 0. Hence, only the trivial solution X (z) = 0 results from
considering positive values for k, and there are no positive eigenvalues.
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Determination of the Zero Eigenvalue: k£ =0

Assuming k is zero, the differential equation for X becomes

X//

x =0
Multiply both sides by X.

X// — 0

The general solution is a linear function.
X (x) = Csx + Cg
Now use the boundary conditions to determine C5 and Cj.

X'(0) = Cs =0
X(1)=Cs+Cs=0

We see that C5 = 0 and Cg = 0. Hence, only the trivial solution X (x) = 0 results from
considering k = 0, and zero is not an eigenvalue.

Determination of Negative Eigenvalues: k = —\?

Assuming k is negative, the differential equation for X becomes

Xl/
=)\
X
Multiply both sides by X.
X// _ _)\QX

The general solution can be written in terms of sine and cosine.
X(x) = Cycos Az + Cgsin A\x
Now use the boundary conditions to determine C7 and Cs.

X'(0) = \Cs = 0
X(1) =Crcos A+ CgsinA =0

The first equation implies Cs = 0, so the second equation simplifies to C7 cos A = 0. To avoid
getting the trivial solution, we insist that C7 # 0. Doing so yields an equation for the eigenvalues.

cosA =0

Solve for A. )
A=A\, = 5(271—1—1)77, n=0,1,...

The eigenfunctions associated with these eigenvalues are

X(z)=Crcosdx — X,(x)=cos\z, n=0,1,....
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Now solve the differential equation for T'(t).

o — )2
T

The left side is just the derivative of InT.

d 2

Integrate both sides with respect to t.

Exponentiate both sides.

Use a new constant of integration.
T(t) = Croe™" = Tu(t) =™

According to the principle of linear superposition, the solution to the PDE for v(z,t) is a linear
combination of all products T,,(t) X, (x) over all the eigenvalues.

(o)
=Y AT () Xn(2)
n=0
(o)
2
= Z A et cos Az
n=0
= ZA e 1)t g [g(Qn + l)x}
The final task is to use Fourier’s method and the initial condition to determine A,,.

ZA cos[ (2n+1) }

Multiply both sides by cos A\,,,z, where m is an integer.
™
v(x,0) cos [2 (2m+1) ] ZA cos [ (2n+1) } cos [5(2m + 1)x]
Integrate both sides with respect to = over the domain of interest (0,1).
! T
/0 v(zx,0) cos [2 (2m + 1) d:v = / ZA" cos [2 (2n + 1)36] cos [5(2771 + 1);10} dx
Substitute v(x,0) = 22 — 1 and bring the integral inside the sum on the right side.

/01($2_1)005{2(2m+1 }dm—ZA / cos{ (2n+ 1)z ]cos[g(Qm—i—l)x}dx

1
= §5nm
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It is thanks to the orthogonality of the eigenfunctions that the integral on the right side vanishes
for every value of n except for n = m, where it evaluates to 1/2. This can be verified with the
product-to-sum formula for cosine.

1 v 7'('
—A,= [ (x*—1)cos [—(Qn + l)x} dx
2 0 2

Evaluate the remaining integral by splitting it apart.

1 1 1
—A, = / 22 cos Ay dx — / cos A\px dx
2 0 0

1 1

2 A2 x? —2
= (/\za: cos A\px + "xT sin )\nx> — —sin\,x
n n 0 n 0
2 2 _2 1
= ()\% cos A\, + )\")\% sin)\n> — )\—n sin A,
2 1 2 1
= )\TCOS)\TL "‘M— Fsirl)\n —M
n n n n
= —)\73 sin )\n
2 n
=~ (-1)
_ 16(_1)n+1
Com2n+1)3
So the coefficient is
4 32(_1)n+1
"o (2n+1)3
v(z,t) is finally known.
_ - 32(=1)"+! —Lan41)272t m
U(:Uﬂf) = ;71’3(2714—1)36 4 CcOoS [5(2n + 1)1)}

Therefore,

32~ ()" i m
U(l',t) =1+ ﬁnzome 4\en ™t cos [5(271,—1— 1)1':|

32 (E>+ 32 ey (3T
= 7_‘_36 COS 2ZE 2771_36 COS 5 i

Again, the equilibrium solution is ug(x) = 1.
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Figure 1: This is a plot of the solution u as a function of x for various times. The curves in red,
orange, yellow, green, blue, and purple correspond to t =0, t =0.15, ¢t =0.3, t = 0.5, t = 0.8, and
t = 10, respectively. Note that as ¢ — oo the graph approaches the equilibrium solution ug(x) = 1.

u(x, 1)

Figure 2: This is a plot of the two-dimensional solution surface u(z,t) in three-dimensional space
for0<z<land0<t<1.
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